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We study the conformal symmetry described by SL(2, R)lX SL(2, R)r in the nonextremal Kerr 
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J> , black hole case. We calculate the central charges cl,r separately on a stretched horizon by the 

Hamiltonian gravity. In order to get two sets of conformal symmetry, we consider two Killing 
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vectors each of which depends on one of the two independent coordinates separated from the 
j— i . angular coordinate of the corotating frame at the horizon. This was done in the spirit of point- 

splitting but with asymmetric separations. Then with appropriate choice of parameters, we obtain 
. i-H ' the Bekenstein-Hawking entropy by the Cardy formula. 
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I. INTRODUCTION 



Since the successful description of the holographic duality between the geometry near the 

;5j, there have been 



horizon of extremal Kerr black hole and the conformal field theory 

many studies for the holographic duality in various black holes [6l-l23j . The holographic 



duality has been also developed for near extremal b 



ack holes by introducing the extremal 



parameter [15|,|l7| or calculating the graybody factor 24j-|27j|. And the hidden conformal field 
theory described by the SL(2, R)lX SL{2, R)r in the Kerr black hole has been studied from 



the scalar wave equation 



However, in this case the values of the central charges cl r 



have been just assumed to be the same as in the extremal black hole case. Up to now, the 



left and right central charges cl r have been calculated only in the near extremal case 



15|- 



There have been many extended studies of the hidden conformal symmetry for various black 
holes 2jJQ, but no calculation of the both central charges has been done. Recently, for 
both extremal and nonextremal Kerr black holes, the central charge has been obtained 
successfully by using the Hamiltonian gravity on a stretched horizon, but it describes only 



42 



47, 



j46 | . There also have been studies for 



48]. 



SL{2, R) L symmetry, not SL(2, R) L x SL(2, R) R 
extremal black holes using the Hamiltonian gravity 

We will investigate the conformal symmetry described by SL(2,R)l x SL(2,R)r on a 
stretched horizon in the nonextremal Kerr black hole case, adopting the method of Carlip 



45 



46] and obtaining the central charges ci t R separately. In Sec. [TTJ we review briefly 



the Hamiltonian gravity. In Sec. we obtain the central charges cl,r, the temperatures 
Tl r, and the total entropy S on a stretched horizon in the nonextremal case with the 
Hamiltonian gravity. In order to have two Virasoro algebras we consider two Killing vectors 
which are functions of either one of the two coordinates split from the angular coordinate of 
the corotating frame at the horizon. This splitting was done in the spirit of point-splitting, 
but with asymmetric separations from the angular coordinate. Then the central charges and 
the total entropy are evaluated. Finally, in Sec. HVJ we conclude with discussion. 



II. BRIEF REVIEW ON HAMILTONIAN GRAVITY 

In order to obtain the central charges, we evaluate the central terms in the Hamiltonian 
gravity in this work. Here, we briefly review the related ingredients in the Hamiltonian 
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gravity for this calculation. The detailed review can be found in Ref. [45(. We consider a 
stationary nonextremal black hole, whose metric can be written in the ADM form as follows. 

ds 2 = -N 2 dt 2 + q ij (dx i + N i dt)(dx j + N j dt). (1) 

Under a diffeomorphism generated by a vector field the metric (pQ) transforms as 

6tN = 5 t Z ± + ?d i N, (2) 
S^N* = d t C - Nq^d^ + q ik d k N^ + i j djN\ (3) 

= to ^£ fc - -J— ^ + g ife <9^ fc - + TP* d*U + t ( 4 ) 



N J 1J V N J N 

where the convective derivative <9t is defined by 

a t = $ - a^, (5) 

and the Killing vector £ M is redefined as 

£-L = j\r^ £ = ^ + iv^t, ( 6 ) 

which are called the "surface deformaton parameters" . The symmetries of canonical general 
relativity are generated by the Hamiltonian 

H[i\ = J (Px^ + fru), (7) 

with 

U = ^pi^TTij - 7T 2 ) - y/qK, W = -2Dj7T ij , (8) 

where g^, 7r JJ , and TZ are the spatial metric, the canonical momentum, and the spatial 
curvature scalar, respectively, and Di is the spatial covariant derivative with respect to qij. 
% and H 1 are the Hamiltonian and momentum constraints, respectively. In Refs. 



45 



49|, a 



new generator with a well-defined variation and with no boundary terms is defined by 

(9) 

where B[£] depends only on the fields and parameters at the boundary, and is chosen to 
cancel the boundary terms in the variation of H[£]. The Poisson bracket of H[£\ can be 
written as 

{H[&H[rj\} = H[{tv}sn} + m v ], (10) 
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where the central term is given by 

Aft, rj\ = B[{{, rj} SD ] - ^ f d 2 x^ 



-^ikii, riY SD - —ziikv 1 - - 



1 / 



Here, the surface deformaton brakets are given by 



(11) 



(12) 



We can calculate the central charges from the central term K[£, rf[ given in Eq. (11 ip . When 
a Virasoro subalgebra of the group of surface deformation is found in the following form, 
{^v}sd — £rf ~ where the prime denotes the derivative with respect to the rotating 
angle <p, then the boundary contribution B[{£,t}}sd] can be ignored for our purpose [45 ]. 
This is because that the central charge of the Virasoro algebra is given by the coefficient of 
the following expression, j dip(£'r)" — r)'£") that we may get from K in Eq. ( TTTT) . 



III. CFT IN NONEXTREMAL ROTATING BLACK HOLE 

We now consider the nonextremal Kerr black hole governed by 

ds 2 = -- (dt - a sin 2 6 dip) 2 + =-dr 2 + E# + [adt - (r 2 + a 2 )d<p] 2 , (13) 

in the Boyer-Lindquist coordinates, with 

A(r) = r 2 + a 2 - 2Mr, (14) 
E(r,0) = r 2 + a 2 cos 2 fl, (15) 

where M is the mass of the black hole and a is a parameter related to the angular momentum 
J of the black hole as J = aM. The nonextremal Kerr black hole (TT3"P can be written in the 
ADM form, 

ds 2 = -N 2 dt 2 + dp 2 + q^(dip + N v dt) 2 + q e9 d6 2 , (16) 

where p is the proper distance from the horizon. In general, the line element of the nonex- 
tremal stationary rotating black hole can be expressed as in Eq. ffTB"]) . Thus, from now on 
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we consider the nonextremal stationary rotating black hole in four dimensions. Near the 
horizon of the black hole, the lapse function N and the shift vector in the metric f fT6|) 
can be expanded as 

N = k hP +±k 2 (6)p 3 + --- , (17) 
N* = -Q H - \u 2 {9)p 2 + ■■■ , (18) 

9 W = C ) W + ^WP 2 + ---, (19) 
qee = q { e o\0) + ^(9)p 2 + ... , (20) 

where kh and fin are the surface gravity and the angular velocity on the event horizon, 
respectively. For convenience, we introduce the parameter e defined by e = — \u2{0)p 2 so 
that we have N v w — + e up to the order p 2 . The shift vector N v becomes the angular 
velocity near horizon, when p — > 0. 

When the black hole geometry is given by Eq. (|16p . the diffeomorphism given by USD"© 
becomes 

e = - P B t e, (21) 

dti p = K 2 H p 2 d p e, (22) 

B t e = - -e, (23) 

d P C = -q^d v e + j?, (24) 

where the convective derivative B t in Eq. (jSJ) becomes 

d t = d t - N*d v nd t + (0 H - (25) 

We choose the stretched horizon as a surface with a slightly different angular velocity 
Q = Qh — where it is assumed that e is proportional to p, where as the subleading term 
e of the angular velocity near the horizon is proportional to p 2 . For the purpose of studying 
the conformal field theory, we introduce a new coordinate system defined by 

i=((p-£tt)/n H , (26) 
<p = a[(p- (n H + e)t], (27) 

dubbed as the right and the left chiral coordinates, respectively. Here, a is a constant 
that we shall determine later. The two coordinates t and (p are basically proportional to 



<p — (fin — e)t and ip — (tin +s)t, respectively, which are slightly separated from the angular 
coordinate of the corotating frame at the horizon, (p — tp — tijjt- Note that e and e are the 
order of p and p 2 , respectively. We may consider these two coordinates as twofold splits of 
;he angular coordinate of the corotating frame at the horizon in the spirit of point-splitting 



50i |. but with asymmetric separations. Then, we assume the existence of two Killing vectors 
which are functions of either xr = ip — tit or xl = <p ~~ (^h + e)t, and we dub them the 
right and left handed Killing vectors, respectively. 

Now we first consider the right handed conformal field theory (RCFT) where the Killing 
vector £r is a function of xr = ip — tit. In this case, the expressions for the diffeomorphism 
invariance given by Eqs. (12"T]) . ( I2"2"]h (12"5|) . and dHJ become 

e R = -epd v &, (28) 
ed v e R = K 2 p 2 d p e w (29) 
ed v il = <T - 2 je w (30) 

up to the leading order p. From Eq. (ITT]) , the terms that contribute to the central charge is 
given by 

K[t* VR] = - toG^f '£J dtp i 9 ^* - , 02) 

where A denotes the area of the stretched horizon, and the central charge can be read as 

3e 3 A 
nGq^K^p 2 

Next, we consider the left handed conformal field theory (LCFT) where the Killing vector 
£l is a function of xl = <p — (tin + s)t. In this case, we have d t ^L = — 2££? ¥ ,£l. Then, the 
diffeomorphism invariance (J3]) can be written as 



and we get 



%AT^ -2ed 9 il + jil = °> (34) 



H = Pd^il (35) 
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Since the only nonvanishing component of the canonical momentum 7r Jjf near the horizon is 



given by 



45] 



^ = -^^+0(p 2 ), (36) 
the relevant terms for the central charge remained in K, given by Eq. (jlip . are 

V] = [ d 2 xy^n k (f)kir mn Dj n - ^ mn D m fi n ) 

Plugging Eq. fl35|) into the above expression, we get 

Vl] = ■ ^ / dLp { d ^ d l^ - fyfi^M) > ( 38 ) 

and the central charge can be read as 

Cl = ^r H < 39 > 

For a scalar field in the Frolov-Thorne vacuum, the wave function in the eigenmodes of 
energy u and angular momentum m can be written as <£> ~ e -iu)t+tmip _ Then, using the 
relation 

e —iut+imp _ e -in R t+in L (p {^ty 

we obtain the eigenmodes in the new coordinate system (t, (p) as follows 

n R = ^-[u-m(Q H + e)], (41) 

u — mVL . inS 

n L = 7— r . 42 
a(e + e) 

In terms of these variables, the Boltzmann factor can be written as 



e -(ui-mn H )/T H _ e ~n R /T R ~n L /T L 



where the dimensionless left and right temperatures are given by 



T R = ^ (44) 

T L = ^, (45) 

ae 
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with Th = K///27T. 

Now, we calculate the entropy with the help of the Cardy formula. From Eqs. ( 133]) 
and ( jH| , the entropy of the right part becomes 

7i 2 a An H e 2 

Sr = -z-c R T R = — ■ (46) 
3 8G q^Kjjp 2 



By setting e = \khP\J 1 q w '/^h, we obtain Sr = A/(8G). The entropy of the left part can 
be obtained from Eqs. ( l39il and (l4"5l) as 



which becomes Sl = A/(8G) when a = 4. Thus, by setting a = 4 we obtain the total 
entropy of the system, 

S = S R + S L = A (48) 
that agrees with the Bekenstein-Hawking entropy. 

IV. CONCLUSION 

We calculate separately the central charges cl and cr and the temperatures T L and T R 
on a stretched horizon of a nonextremal rotating black hole in the framework of Hamiltonian 
gravity. The entropy is obtained using the Cardy formula and it agrees with the Bekenstein- 
Hawking entropy 5*bh = when the stretched horizon is set with e = \nnP\/q w ' /&h and 



the proportiona 



In Refs. 



45 



ity constant of the newly defined coordinate (p is chosen appropriately. 



46], e has been chosen such that the Killing vector = &t + 1S nu U 
on the stretched horizon. This was done by imposing the null condition of the new Killing 
vector up to the order p 2 : 

= X 2 = -N 2 + qipip (N^ + Q) 2 
= -^hP 2 + C ] e 2 + 2q%he + 0(p 4 ). (49) 

Namely, e is set to satisfy e 2 = K 2 Hp 2 /q^P ■ However, if we do not restrict ourselves to the 
second order, then this condition does not satisfy the null condition, since e and e are the 
order of p and p 2 , respectively. 
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In this paper, we do not impose the null condition for the Killing vector. Instead we try 
to get two Killing vectors each of which depends on one of the two independent coordinates 
separated slightly from the angular coordinate of the corotating frame at the horizon. This 
was done in the spirit of the point-splitting, but unlike the symmetric separations in the 
usual point-splitting method they are separated asymmetrically: one is the order of p and 
the other is much smaller, the order of p 2 . We then obtain the central charges of the two 
Virasoro algebras resulting from these two Killing vectors. The two central charges and 
the Cardy formula yield correct Bekenstein-Hawking entropy once we set the parameters 
appropriately. 

Finally, we make a note that when the two coordinates are separated equally, we could 
not get the correct Bekenstein-Hawking entropy. At this moment, we do not know the 
reason, but we speculate that asymmetric separations may play a role in keeping the two 
split coordinates independent. We leave this issue for future investigation. 
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